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Preface 1

PREFACE

Welcome to Algebra and Trigonometry, an OpenStax College resource. This textbook has been created with several goals in
mind: accessibility, customization, and student engagement—all while encouraging students toward high levels of academic
scholarship. Instructors and students alike will find that this textbook offers a strong foundation in algebra and trigonometry
in an accessible format.

About OpenStax College

OpenStax College is a non-profit organization committed to improving student access to quality learning materials. Our
free textbooks go through a rigorous editorial publishing process. Our texts are developed and peer-reviewed by educators
to ensure they are readable, accurate, and meet the scope and sequence requirements of today’s college courses. Unlike
traditional textbooks, OpenStax College resources live online and are owned by the community of educators using them.
Through our partnerships with companies and foundations committed to reducing costs for students, OpenStax College is
working to improve access to higher education for all. OpenStax College is an initiative of Rice University and is made
possible through the generous support of several philanthropic foundations. OpenStax College textbooks are used at many
colleges and universities around the world. Please go to https://openstaxcollege.org/pages/adoptions to see our rapidly
expanding number of adoptions.

About OpenStax College’s Resources

OpenStax College resources provide quality academic instruction. Three key features set our materials apart from others:
they can be customized by instructors for each class, they are a "living" resource that grows online through contributions
from educators, and they are available free or for minimal cost.

Customization

OpenStax College learning resources are designed to be customized for each course. Our textbooks provide a solid
foundation on which instructors can build, and our resources are conceived and written with flexibility in mind. Instructors
can select the sections most relevant to their curricula and create a textbook that speaks directly to the needs of their classes
and student body. Teachers are encouraged to expand on existing examples by adding unique context via geographically
localized applications and topical connections.

Algebra and Trigonometry can be easily customized using our online platform (http://cnx.org/content/col11758/1atest/).
Simply select the content most relevant to your current semester and create a textbook that speaks directly to the needs of
your class. Algebra and Trigonometry is organized as a collection of sections that can be rearranged, modified, and enhanced
through localized examples or to incorporate a specific theme to your course. This customization feature will ensure that
your textbook truly reflects the goals of your course.

Curation

To broaden access and encourage community curation, Algebra and Trigonometry is “open source” licensed under a
Creative Commons Attribution (CC-BY) license. The mathematics community is invited to submit feedback to enhance
and strengthen the material and keep it current and relevant for today’s students. Submit your suggestions to
info@openstaxcollege.org, and check in on edition status, alternate versions, errata, and news on the StaxDash at
http://openstaxcollege.org.

Cost

Our textbooks are available for free online, and in low-cost print and e-book editions.

About Algebra and Trigonometry

Written and reviewed by a team of highly experienced instructors, Algebra and Trigonometry provides a comprehensive
and multi-layered exploration of algebraic principles. The text is suitable for a typical introductory algebra course, and was
developed to be used flexibly. While the breadth of topics may go beyond what an instructor would cover, the modular
approach and the richness of content ensures that the book meets the needs of a variety of programs.

Algebra and Trigonometry guides and supports students with differing levels of preparation and experience with
mathematics. Ideas are presented as clearly as possible, and progress to more complex understandings with considerable
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reinforcement along the way. A wealth of examples — usually several dozen per chapter — offer detailed, conceptual
explanations, in order to build in students a strong, cumulative foundation in the material before asking them to apply what
they’ve learned.

Coverage and Scope

In determining the concepts, skills, and topics to cover, we engaged dozens of highly experienced instructors with a range of
student audiences. The resulting scope and sequence proceeds logically while allowing for a significant amount of flexibility
in instruction.

Chapters 1 and 2 provide both a review and foundation for study of Functions that begins in Chapter 3. The authors
recognize that while some institutions may find this material a prerequisite, other institutions have told us that they have a
cohort that need the prerequisite skills built into the course.

Chapter 1: Prerequisites
Chapter 2: Equations and Inequalities
Chapters 3-6: The Algebraic Functions
Chapter 3: Functions
Chapter 4: Linear Functions
Chapter 5: Polynomial and Rational Functions
Chapter 6: Exponential and Logarithm Functions
Chapters 7-10: A Study of Trigonometry
Chapter 7: The Unit Circle: Sine and Cosine Functions
Chapter 8: Periodic Functions
Chapter 9: Trigonometric Identities and Equations
Chapter 10: Further Applications of Trigonometry
Chapters 11-13: Further Study in Algebra and Trigonometry
Chapter 11: Systems of Equations and Inequalities
Chapter 12: Analytic Geometry
Chapter 13: Sequences, Probability, and Counting Theory

All chapters are broken down into multiple sections, the titles of which can be viewed in the Table of Contents.

Development Overview

Openstax Algebra and Trigonometry is the product of a collaborative effort by a group of dedicated authors, editors, and
instructors whose collective passion for this project has resulted in a text that is remarkably unified in purpose and voice.
Special thanks is due to our Lead Author, Jay Abramson of Arizona State University, who provided the overall vision for
the book and oversaw the development of each and every chapter, drawing up the initial blueprint, reading numerous drafts,
and assimilating field reviews into actionable revision plans for our authors and editors.

The collective experience of our author team allowed us to pinpoint the subtopics, exceptions, and individual connections
that give students the most trouble. And so the textbook is replete with well-designed features and highlights, which help
students overcome these barriers. As the students read and practice, they are coached in methods of thinking through
problems and internalizing mathematical processes.

For example, narrative text is often followed with the “How To” feature, which summarizes the presentation into a series
of distinct steps. This approach addresses varying learning styles, and models for students an important learning skill for
future studies. Furthermore, the extensive graphical representations immediately connect concepts with visuals.

Accuracy of the Content

We understand that precision and accuracy are imperatives in mathematics, and undertook a dedicated accuracy program
led by experienced faculty.

1. Each chapter’s manuscript underwent rounds of review and revision by a panel of active instructors.

2. Then, prior to publication, a separate team of experts checked all text, examples, and graphics for mathematical
accuracy; multiple reviewers were assigned to each chapter to minimize the chances of any error escaping notice.

This content is available for free at https://cnx.org/content/col11758/1.5
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3. A third team of experts was responsible for the accuracy of the Answer Key, dutifully re-working every solution to
eradicate any lingering errors. Finally, the editorial team conducted a multi-round post-production review to ensure
the integrity of the content in its final form.

The Solutions Manual, which was written and developed after the Student Edition, has also been rigorously checked for
accuracy following a process similar to that described above. Incidentally, the act of writing out solutions step-by-step
served as yet another round of validation for the Answer Key in the back of the Student Edition. In spite of the efforts
described above, we acknowledge the possibility that—as with any textbook—some errata may have been missed. We
encourage users to report errors via our Errata (https://openstaxcollege.orgl/errata) page.

Pedagogical Foundations and Features

Learning Objectives

Each chapter is divided into multiple sections (or modules), each of which is organized around a set of learning objectives.
The learning objectives are listed explicitly at the beginning of each section, and are the focal point of every instructional
element

Narrative text

Narrative text is used to introduce key concepts, terms, and definitions, to provide real-world context, and to provide
transitions between topics and examples. Throughout this book, we rely on a few basic conventions to highlight the most
important ideas:

Key terms are boldfaced, typically when first introduced and/or when formally defined
Key concepts and definitions are called out in a blue box for easy reference.

Key equations, formulas, theorems, identities, etc. are assigned a number, which appears near the right margin.
Occasionally the text may refer back to an equation or formula by its number.

Examples

Each learning objective is supported by one or more worked examples, which demonstrate the problem-solving approaches
that students must master. The multiple Examples model different approaches to the same type of problem, or introduce
similar problems of increasing complexity.

All Examples follow a simple two- or three-part format. The question clearly lays out a mathematical problem to solve.
The Solution walks through the steps, usually providing context for the approach—in other words, why the instructor is
solving the problem in a specific manner. Finally, the Analysis (for select examples) reflects on the broader implications of
the Solution just shown. Examples are followed by a “Try It,” question, as explained below.

Figures

Openstax Algebra and Trigonometry contains figures and illustrations, the vast majority of which are graphs and diagrams.
Art throughout the text adheres to a clear, understated style, drawing the eye to the most important information in each
figure while minimizing visual distractions. Color contrast is employed with discretion to distinguish between the different
functions or features of a graph.

Supporting Features

Four unobtrusive but important features, each marked by a distinctive icon, contribute to and check understanding.
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A “How To” is a list of steps necessary to solve a certain type of problem. A How To typically precedes an
Example that proceeds to demonstrate the steps in action.

A “Try It” exercise immediately follows an Example or a set of related Examples, providing the student with
an immediate opportunity to solve a similar problem. In the Web View version of the text, students can click an Answer
link directly below the question to check their understanding. In the PDF, answers to the Try-It exercises are located in the
Answer Key.

A Q&A may appear at any point in the narrative, but most often follows an Example. This feature pre-empts
misconceptions by posing a commonly asked yes/no question, followed by a detailed answer and explanation.

The “Media” icon appears at the conclusion of each section, just prior to the Section Exercises. This icon
marks a list of links to online video tutorials that reinforce the concepts and skills introduced in the section.

Disclaimer: While we have selected tutorials that closely align to our learning objectives, we did not produce these tutorials,
nor were they specifically produced or tailored to accompany Openstax Algebra and Trigonometry. We are deeply grateful
to James Sousa for compiling his incredibly robust and excellent library of video tutorials, which he has made available to
the public under a CC-BY-SA license at http://mathispower4u.yolasite.com/. Most or all of the videos to which we link in
our “Media” feature (plus many more) are found in the Algebra 2 and Trigonometry video libraries at the above site.

Section Exercises

Each section of every chapter concludes with a well-rounded set of exercises that can be assigned as homework or used
selectively for guided practice. With over 6300 exercises across the 13 chapters, instructors should have plenty to choose
from*™.

Section Exercises are organized by question type, and generally appear in the following order:
Verbal questions assess conceptual understanding of key terms and concepts.
Algebraic problems require students to apply algebraic manipulations demonstrated in the section.
Graphical problems assess students’ ability to interpret or produce a graph.
Numeric problems require the student perform calculations or computations.

Technology problems encourage exploration through use of a graphing utility, either to visualize or verify algebraic
results or to solve problems via an alternative to the methods demonstrated in the section.

Extensions pose problems more challenging than the Examples demonstrated in the section. They require students
to synthesize multiple learning objectives or apply critical thinking to solve complex problems.

Real-World Applications present realistic problem scenarios from fields such as physics, geology, biology,
finance, and the social sciences.

Chapter Review Features
Each chapter concludes with a review of the most important takeaways, as well as additional practice problems that students
can use to prepare for exams.

Key Terms provides a formal definition for each bold-faced term in the chapter.

1. 6,367 total exercises. Includes Chapter Reviews and Practice Tests.

This content is available for free at https://cnx.org/content/col11758/1.5
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Key Equations presents a compilation of formulas, theorems, and standard-form equations.

Key Concepts summarizes the most important ideas introduced in each section, linking back to the relevant
Example(s) in case students need to review.

Chapter Review Exercises include 40-80 practice problems that recall the most important concepts from each
section.

Practice Test includes 25-50 problems assessing the most important learning objectives from the chapter. Note that
the practice test is not organized by section, and may be more heavily weighted toward cumulative objectives as
opposed to the foundational objectives covered in the opening sections.

Answer Key includes the answers to all Try It exercises and every other exercise from the Section Exercises,
Chapter Review Exercises, and Practice Test.

Ancillaries
OpenStax projects offer an array of ancillaries for students and instructors. Currently the following resources are available.

Instructor’s Solutions Manual
Student’s Solutions Manual
PowerPoint Slides

Please visit http://openstaxcollege.org to view an up-to-date list of the Learning Resources for this title and to find
information on accessing these resources.

Online Homework
WebAssign.

WebAssign is an independent online homework and assessment solution first launched at North Carolina State University
in 1997. Today, WebAssign is an employee-owned benefit corporation and participates in the education of over a million
students each year. WebAssign empowers faculty to deliver fully customizable assignments and high quality content to their
students in an interactive online environment. WebAssign supports College Algebra with hundreds of problems covering
every concept in the course, each containing algorithmically-generated values and links directly to the eBook providing a
completely integrated online learning experience.

Homework

XYZ Homework provides powerful online instructional tools for faculty and students. Our unified learning environment
combines online assessment with MathTV.com video lessons to reinforce the concepts taught in the classroom. Randomized
questions provide unlimited practice and instant feedback with all the benefits of automatic grading.

About Our Team

Lead Author, Senior Content Expert
Jay Abramson has been teaching Precalculus for 33 years, the last 14 at Arizona State University, where he is a principal
lecturer in the School of Mathematics and Statistics. His accomplishments at ASU include co-developing the university’s
first hybrid and online math courses as well as an extensive library of video lectures and tutorials. In addition, he has served
as a contributing author for two of Pearson Education’s math programs, NovaNet Precalculus and Trigonometry. Prior to
coming to ASU, Jay taught at Texas State Technical College and Amarillo College. He received Teacher of the Year awards
at both institutions.
Contributing Authors

Valeree Falduto, Palm Beach State College

Rachael Gross, Towson University

David Lippman, Pierce College

Melonie Rasmussen, Pierce College
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Rick Norwood, East Tennessee State University
Nicholas Belloit, Florida State College Jacksonville
Jean-Marie Magnier, Springfield Technical Community College
Harold Whipple
Christina Fernandez

Faculty Reviewers and Consultants
Phil Clark, Scottsdale Community College
Michael Cohen, Hofstra University
Charles Conrad, Volunteer State Community College
David French, Tidewater Community College
Matthew Goodell, SUNY Ulster
Lance Hemlow, Raritan Valley Community College
Dongrin Kim, Arizona State University
Cynthia Landrigan, Eerie Community College
Wendy Lightheart, Lane Community College
Chinenye Ofodile, Albany State University
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Rhonda Porter, Albany State University
Michael Price, University of Oregon
Steven Purtee, Valencia College
William Radulovich, Florida State College Jacksonville
Camelia Salajean, City Colleges of Chicago
Katy Shields, Oakland Community College
Nathan Schrenk, ECPI University
Pablo Suarez, Delaware State University
Allen Wolmer, Atlanta Jewish Academy

The following faculty contributed to the development of OpenStax Precalculus, the text from which this product was
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Honorable Mention
Nina Alketa, Cecil College
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1 | PREREQUISITES

Figure 1.1 Credit: Andreas Kambanls

Chapter Outline

1.1 Real Numbers: Algebra Essentials
1.2 Exponents and Scientific Notation
1.3 Radicals and Rational Expressions
1.4 Polynomials

1.5 Factoring Polynomials

1.6 Rational Expressions

Introduction

It’s a cold day in Antarctica. In fact, it’s always a cold day in Antarctica. Earth’s southernmost continent, Antarctica
experiences the coldest, driest, and windiest conditions known. The coldest temperature ever recorded, over one hundred
degrees below zero on the Celsius scale, was recorded by remote satellite. It is no surprise then, that no native human
population can survive the harsh conditions. Only explorers and scientists brave the environment for any length of time.

Measuring and recording the characteristics of weather conditions in in Antarctica requires a use of different kinds of
numbers. Calculating with them and using them to make predictions requires an understanding of relationships among
numbers. In this chapter, we will review sets of numbers and properties of operations used to manipulate numbers. This
understanding will serve as prerequisite knowledge throughout our study of algebra and trigonometry.



10 Chapter 1 Prerequisites

1.1 | Real Numbers: Algebra Essentials

Learning Objectives

In this section students will:

1.1.1 Classify a real number as a natural, whole, integer, rational, or irrational number.
1.1.2 Perform calculations using order of operations.

1.1.3 Use the following properties of real numbers: commutative, associative, distributive,
inverse, and identity.

1.1.4 Evaluate algebraic expressions.
1.1.5 Simplify algebraic expressions.

It is often said that mathematics is the language of science. If this is true, then the language of mathematics is numbers. The
earliest use of numbers occurred 100 centuries ago in the Middle East to count, or enumerate items. Farmers, cattlemen,
and tradesmen used tokens, stones, or markers to signify a single quantity—a sheaf of grain, a head of livestock, or a fixed
length of cloth, for example. Doing so made commerce possible, leading to improved communications and the spread of
civilization.

Three to four thousand years ago, Egyptians introduced fractions. They first used them to show reciprocals. Later, they used
them to represent the amount when a quantity was divided into equal parts.

But what if there were no cattle to trade or an entire crop of grain was lost in a flood? How could someone indicate the
existence of nothing? From earliest times, people had thought of a “base state” while counting and used various symbols
to represent this null condition. However, it was not until about the fifth century A.D. in India that zero was added to the
number system and used as a numeral in calculations.

Clearly, there was also a need for numbers to represent loss or debt. In India, in the seventh century A.D., negative numbers
were used as solutions to mathematical equations and commercial debts. The opposites of the counting numbers expanded
the number system even further.

Because of the evolution of the number system, we can now perform complex calculations using these and other categories
of real numbers. In this section, we will explore sets of numbers, calculations with different kinds of numbers, and the use
of numbers in expressions.

Classifying a Real Number

The numbers we use for counting, or enumerating items, are the natural numbers: 1, 2, 3, 4, 5, and so on. We describe
them in set notation as {1, 2, 3, ...} where the ellipsis (...) indicates that the numbers continue to infinity. The natural

numbers are, of course, also called the counting numbers. Any time we enumerate the members of a team, count the coins
in a collection, or tally the trees in a grove, we are using the set of natural numbers. The set of whole numbers is the set of
natural numbers plus zero: {0, 1, 2, 3, ...}.

The set of integers adds the opposites of the natural numbers to the set of whole numbers:
{..., =3,-2,-1,0, 1, 2, 3, ...}. It is useful to note that the set of integers is made up of three distinct subsets: negative

integers, zero, and positive integers. In this sense, the positive integers are just the natural numbers. Another way to think
about it is that the natural numbers are a subset of the integers.

negative integers zero positive integers

.., =3,-2, -1, 0O, 1,2, 3,

The set of rational numbers is written as {%|m and n are integers and n # 0}. Notice from the definition that rational

numbers are fractions (or quotients) containing integers in both the numerator and the denominator, and the denominator is
never 0. We can also see that every natural number, whole number, and integer is a rational number with a denominator of
1.

Because they are fractions, any rational number can also be expressed in decimal form. Any rational number can be
represented as either:

1. aterminating decimal: % = 1.875, or

This content is available for free at https://cnx.org/content/col11758/1.5
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2. arepeating decimal: 14—1 =0.36363636 ... =0.36

We use a line drawn over the repeating block of numbers instead of writing the group multiple times.

Example 1.1

Writing Integers as Rational Numbers

Write each of the following as a rational number.

a. 7

b. 0

c. -8
Solution

Write a fraction with the integer in the numerator and 1 in the denominator.

a. 7=%
=0

b 0—1

d —8=—%

}l'r'y 1.1 Write each of the following as a rational number.
t

a. 11
b. 3
c. 4

Example 1.2

Identifying Rational Numbers

Write each of the following rational numbers as either a terminating or repeating decimal.

a. -3
b. 15—5
. 13
Solution

Write each fraction as a decimal by dividing the numerator by the denominator.

a. —% = —0.714285, arepeating decimal
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b. 15—5 = 3 (or 3.0), a terminating decimal
c. % =0.52, aterminating decimal

1.2 Write each of the following rational numbers as either a terminating or repeating decimal.
It

68
d. 17
8
b S
_17
“ 720

Irrational Numbers
At some point in the ancient past, someone discovered that not all numbers are rational numbers. A builder, for instance,

may have found that the diagonal of a square with unit sides was not 2 or even i, but was something else. Or a garment

maker might have observed that the ratio of the circumference to the diameter of a roll of cloth was a little bit more than
3, but still not a rational number. Such numbers are said to be irrational because they cannot be written as fractions. These
numbers make up the set of irrational numbers. Irrational numbers cannot be expressed as a fraction of two integers. It is
impossible to describe this set of numbers by a single rule except to say that a number is irrational if it is not rational. So we
write this as shown.

{h|h is not a rational number }

Example 1.3

Differentiating Rational and Irrational Numbers

Determine whether each of the following numbers is rational or irrational. If it is rational, determine whether it is
a terminating or repeating decimal.

a V25
33
b. )
¢ Vi1
17
d 34

e. 0.3033033303333 ...

Solution
a. V25: This can be simplified as V25 = 5. Therefore, V25 is rational.
b. % : Because it is a fraction, % is a rational number. Next, simplify and divide.
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1

1
33 _348 _ 11 _

—=—=—_ 6

g
3

So, 33

<5 is rational and a repeating decimal.

c. V11 : This cannot be simplified any further. Therefore, V11 is an irrational number.

d. ;—Z Because it is a fraction, %Z is a rational number. Simplify and divide.
1
4
-2 _-1_9s5
A
2
So, %Z is rational and a terminating decimal.

hence, not a rational number. It is an irrational number.

1.3 Determine whether each of the following numbers is rational or irrational. If it is rational, determine
It

whether it is a terminating or repeating decimal.

7

d. 77

b. V81

c.  4.27027002700027 .
9_

d 13

e. V39

Real Numbers

e. 0.3033033303333 ... is not a terminating decimal. Also note that there is no repeating pattern because
the group of 3s increases each time. Therefore it is neither a terminating nor a repeating decimal and,

13

Given any number n, we know that n is either rational or irrational. It cannot be both. The sets of rational and irrational
numbers together make up the set of real numbers. As we saw with integers, the real numbers can be divided into three
subsets: negative real numbers, zero, and positive real numbers. Each subset includes fractions, decimals, and irrational

numbers according to their algebraic sign (+ or —). Zero is considered neither positive nor negative.

The real numbers can be visualized on a horizontal number line with an arbitrary point chosen as 0, with negative numbers
to the left of 0 and positive numbers to the right of 0. A fixed unit distance is then used to mark off each integer (or
other basic value) on either side of 0. Any real number corresponds to a unique position on the number line.The converse
is also true: Each location on the number line corresponds to exactly one real number. This is known as a one-to-one

correspondence. We refer to this as the real number line as shown in Figure 1.2,

Figure 1.2 The real number line

Example 1.4
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Classifying Real Numbers

Classify each number as either positive or negative and as either rational or irrational. Does the number lie to the
left or the right of 0 on the number line?

. 10
b. V5
c. —V289
d —6x

e. 0.615384615384 ...

Solution

a. —% is negative and rational. It lies to the left of 0 on the number line.

b. V5 is positive and irrational. It lies to the right of 0.

c. —\289=-V172=-17is negative and rational. It lies to the left of 0.
d. —6x is negative and irrational. It lies to the left of 0.

e. 0.615384615384 ... is arepeating decimal so it is rational and positive. It lies to the right of 0.

/27 1.4 Classify each number as either positive or negative and as either rational or irrational. Does the number lie
%% 10 the left or the right of 0 on the number line?

a. V73

b. —-11.411411411 ...
47

¢ 15
_y5

d. 5

e. 6.210735

Sets of Numbers as Subsets

Beginning with the natural numbers, we have expanded each set to form a larger set, meaning that there is a subset
relationship between the sets of numbers we have encountered so far. These relationships become more obvious when seen
as a diagram, such as Figure 1.3.
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Figure 1.3 Sets of numbers
N: the set of natural numbers
W: the set of whole numbers

I: the set of integers

Q: the set of rational numbers
Q’: the set of irrational numbers

Sets of Numbers

The set of natural numbers includes the numbers used for counting: {1, 2, 3, ...}.
The set of whole numbers is the set of natural numbers plus zero: {0, 1, 2, 3, ...}.

The set of integers adds the negative natural numbers to the set of whole numbers: {..., =3, =2, -1, 0, 1, 2, 3, ...}.
The set of rational numbers includes fractions written as {% |m and n are integers and n # 0}.

The set of irrational numbers is the set of numbers that are not rational, are nonrepeating, and are nonterminating:
{h|h is not a rational number}.

Example 1.5

Differentiating the Sets of Numbers

Classify each number as being a natural number (IV), whole number (W), integer (I), rational number (Q), and/or
irrational number (Q").

a. V36
8

b. 3

c. VI3

d -6

e. 3.2121121112 ...

Solution
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N | W | I Q| @
a. V36 =6 X | x X | X
b % ~2.6 X
c. V73 X
d.-6 X | X
e.3.2121121112... X

/27 1.5 Classify each number as being a natural number (N), whole number (W), integer (I), rational number (Q),
%% and/or irrational number (Q"H.

" -3
b. 0

c. V169
d. V24

e. 4.763763763 ...

Performing Calculations Using the Order of Operations

When we multiply a number by itself, we square it or raise it to a power of 2. For example, 4% =4 .4 =16. We can raise
any number to any power. In general, the exponential notation ¢” means that the number or variable « is used as a factor
n times.

n factors

a=a-a-a- ... -

In this notation, a” is read as the nth power of a, where a is called the base and n is called the exponent. A term in
exponential notation may be part of a mathematical expression, which is a combination of numbers and operations. For

example, 24 + 6 - % — 42 is a mathematical expression.
To evaluate a mathematical expression, we perform the various operations. However, we do not perform them in any random
order. We use the order of operations. This is a sequence of rules for evaluating such expressions.

Recall that in mathematics we use parentheses (), brackets [ ], and braces { } to group numbers and expressions so that
anything appearing within the symbols is treated as a unit. Additionally, fraction bars, radicals, and absolute value bars are
treated as grouping symbols. When evaluating a mathematical expression, begin by simplifying expressions within grouping
symbols.

This content is available for free at https://cnx.org/content/col11758/1.5
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The next step is to address any exponents or radicals. Afterward, perform multiplication and division from left to right and
finally addition and subtraction from left to right.

Let’s take a look at the expression provided.

24+6-%—42

There are no grouping symbols, so we move on to exponents or radicals. The number 4 is raised to a power of 2, so simplify
47 as 16.

242
2446-5-4

L2
24+6-5-16

Next, perform multiplication or division, left to right.

L2
24+6 3 16

24 +4-16

Lastly, perform addition or subtraction, left to right.

24+4-16
28— 16
12

Tmﬂdm&24+6-%—42=12

For some complicated expressions, several passes through the order of operations will be needed. For instance, there may
be a radical expression inside parentheses that must be simplified before the parentheses are evaluated. Following the order
of operations ensures that anyone simplifying the same mathematical expression will get the same result.

Order of Operations

Operations in mathematical expressions must be evaluated in a systematic order, which can be simplified using the
acronym PEMDAS:

P(arentheses)

E(xponents)

M(ultiplication) and D(ivision)
A(ddition) and S(ubtraction)

M Given a mathematical expression, simplify it using the order of operations.
Lc: 1. Simplify any expressions within grouping symbols.

2. Simplify any expressions containing exponents or radicals.

3. Perform any multiplication and division in order, from left to right.

4

Perform any addition and subtraction in order, from left to right.

Example 1.6

Using the Order of Operations

Use the order of operations to evaluate each of the following expressions.
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a. 3-22-46+2)

2
b. %-Vn—z
. 6-15—8+34-1)
g 14-3.2
2.5-3

e. 7(5-3)-2[(6-3)—4%]+1

Solution
d.

(3-2)%—4(6+2) (6)% — 4(8) Simplify parentheses

= 36—-4(8) Simplify exponent
= 36-32 Simplify multiplication
= 4 Simplify subtraction
b.
2 2
57 —-Vi1-2 = # -9 Simplify grouping symbols (radical)
2
=3 7_ 4_3 Simplify radical
= 257—_4 -3 Simplify exponent
= 27—1 -3 Simplify subtraction in numerator
= 3-3 Simplify division
=0 Simplify subtraction
Note that in the first step, the radical is treated as a grouping symbol, like parentheses. Also, in the third
step, the fraction bar is considered a grouping symbol so the numerator is considered to be grouped.
C.
6-5-8/+34-1) = 6-—|-31+303) Simplify inside grouping symbols
= 6-34303) Simplify absolute value
= 6-34+9 Simplify multiplication
= 349 Simplify subtraction
= 12 Simplify addition
d.
14-3-2 _ 14-3-2 T
S s.32 - 2:5-9 Simplify exponent
= %g — 8 Simplify products
= % Simplify diffe ences
= 8 Simplify quotient

In this example, the fraction bar separates the numerator and denominator, which we simplify separately
until the last step.
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75-3)-2[6-3)-4%]+1 = 7(15)-2[(3) - 47| +1 Simplify inside parentheses

= 7(15)-2(3B-16)+1 Simplify exponent
= 7(15)=2(-13)+1 Subtract

= 105+26+1 Multiply

= 132 Add

1.6  Use the order of operations to evaluate each of the following expressions.
It

a. V52-4%24+7(5-4)?2

b, 1+12=8-4

9-6
c. [1.8-43]+04V15+10
d 4s-32-77+1.02
e. [3-8)72-4]-(3-9)

Using Properties of Real Numbers

For some activities we perform, the order of certain operations does not matter, but the order of other operations does. For
example, it does not make a difference if we put on the right shoe before the left or vice-versa. However, it does matter
whether we put on shoes or socks first. The same thing is true for operations in mathematics.

Commutative Properties

The commutative property of addition states that numbers may be added in any order without affecting the sum.
a+b=b+a
We can better see this relationship when using real numbers.

(-2)+7=5 and 74+(-2)=5

Similarly, the commutative property of multiplication states that numbers may be multiplied in any order without
affecting the product.

a-b=b-a
Again, consider an example with real numbers.

(=11)-(-4)=44 and (—4)-(-11)=44

It is important to note that neither subtraction nor division is commutative. For example, 17 — 5 is not the same as 5 — 17.
Similarly, 20 + 5 # 5 + 20.

Associative Properties

The associative property of multiplication tells us that it does not matter how we group numbers when multiplying. We
can move the grouping symbols to make the calculation easier, and the product remains the same.
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a(bc) = (ab)c

Consider this example.
3:4)-5=60 and 3-(4-5)=60

The associative property of addition tells us that numbers may be grouped differently without affecting the sum.

a+(b+c)=@+b)+c

This property can be especially helpful when dealing with negative integers. Consider this example.
(I5+(=9]+23=29 and 15+[(-9)+23]=29

Are subtraction and division associative? Review these examples.

8§—(3-15 = 8-=3)-15 64+ (8=+4) = (64=-8) =4
8—(-12) = 5-15 64+-2 = 8=4
20 # 20—10 32 £ 2

As we can see, neither subtraction nor division is associative.

Distributive Property

The distributive property states that the product of a factor times a sum is the sum of the factor times each term in the sum.
a-(b+c)=a-b+a-c

This property combines both addition and multiplication (and is the only property to do so). Let us consider an example.

Note that 4 is outside the grouping symbols, so we distribute the 4 by multiplying it by 12, multiplying it by —7, and adding
the products.

To be more precise when describing this property, we say that multiplication distributes over addition. The reverse is not
true, as we can see in this example.

6+(3-5) = (6+3)-(6+5)
6+(15) = (9)-(11)
21 # 99

Multiplication does not distribute over subtraction, and division distributes over neither addition nor subtraction.
A special case of the distributive property occurs when a sum of terms is subtracted.
a—-b=a+(-b)

For example, consider the difference 12 — (5 + 3). We can rewrite the difference of the two terms 12 and (5 + 3) by

turning the subtraction expression into addition of the opposite. So instead of subtracting (5 + 3), we add the opposite.
124+ (-1)-(5+3)

Now, distribute —1 and simplify the result.

12-(5+3) = 12+(=1)-(5+3)
= 124[(=1)-5+(=1)-3]
= 12+ (-8)
4
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This seems like a lot of trouble for a simple sum, but it illustrates a powerful result that will be useful once we introduce
algebraic terms. To subtract a sum of terms, change the sign of each term and add the results. With this in mind, we can
rewrite the last example.

12-(54+3) = 124+(=5-3)
12+ (=8)

4

Identity Properties

The identity property of addition states that there is a unique number, called the additive identity (0) that, when added to
a number, results in the original number.

a+0=a

The identity property of multiplication states that there is a unique number, called the multiplicative identity (1) that,
when multiplied by a number, results in the original number.

a-1=a

For example, we have (—6) + 0 = —6 and 23 - 1 = 23. There are no exceptions for these properties; they work for every

real number, including 0 and 1.

Inverse Properties

The inverse property of addition states that, for every real number g, there is a unique number, called the additive inverse
(or opposite), denoted—a, that, when added to the original number, results in the additive identity, 0.

a+(—a)=0
For example, if a = —8, the additive inverse is 8, since (—8) + 8 = 0.

The inverse property of multiplication holds for all real numbers except 0 because the reciprocal of 0 is not defined. The
property states that, for every real number a, there is a unique number, called the multiplicative inverse (or reciprocal),

denoted %, that, when multiplied by the original number, results in the multiplicative identity, 1.
a- % =1
For example, if a = — %, the reciprocal, denoted l, is —% because

o= (-

Properties of Real Numbers

The following properties hold for real numbers a, b, and c.
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Addition Multiplication
Commutative a+b=b+a a-b=b-a
Property
Associative a+b+c)=(a+b)+c a(be) = (ab)c
Property
Distributive a-b+c)=a-b+a-c
Property
There exists a unique real number There exists a unique real number
Identity called the additive identity, O, such called the multiplicative identity, 1, such
Property that, for any real number a that, for any real number a
a+0=a a-1=a
E | b h qdit Every nonzero real number a has a
in\\//?arriéegrr:)umo;;ea d:ﬁ(‘;’}[gé" amve multiplicative inverse, or reciprocal,
Inverse | BUippesi, ! denoted 1, such that
Property SUCh that
+(—a)=0 1) _
a ( (1) a - (E) =1

Example 1.7

Using Properties of Real Numbers

a. 3-6+3-4
b. (5+8)+ (-8
c. 6-(15+9)
4 (2.1
d. 7 (3 4)
e. 100 -[0.75 4+ (=2.38)]
Solution
d.
3-.6+3-4 = 3-(6+4)
= 3-10
30
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Distributive property

Simplify
Simplify
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b.
BG+8)+ (-8 = 5+4+[8+(-8)]
= 540
5
C.
6-(15+9) = 6+[(-15+(-9)]
= 6+ (-24)
= —18
d.
4 (2.7 4 (1.2
7'(?'2) 7'(1'?)
= (i.l).;
7 4) 3
- 1.2
=1 £
- 2
-3
e.
100 - [0.75 4+ (—=2.38)] =
= 754 (-238)
= —-163
Try 1.7

o (F) 1 (55)]

b. 5:(62+04)
c. 18—(7-15)

o o [

1 9

18

e. 6-(=3)+6-3

Evaluating Algebraic Expressions

100 - 0.75 + 100 - (—2.38)

23

Associative property of addition
Inverse property of addition
Identity property of addition

Distributive property
Simplify
Simplify

Commutative property of multiplication
Associative property of multiplication
Inverse property of multiplication

Identity property of multiplication

Distributive property
Simplify
Simplify

Use the properties of real numbers to rewrite and simplify each expression. State which properties apply.

So far, the mathematical expressions we have seen have involved real numbers only. In mathematics, we may see

expressions such as x + 5, izz'r

3

or V2m3n2. In the expression x + 5, 5 is called a constant because it does not vary

and x is called a variable because it does. (In naming the variable, ignore any exponents or radicals containing the variable.)
An algebraic expression is a collection of constants and variables joined together by the algebraic operations of addition,
subtraction, multiplication, and division.

We have already seen some real number examples of exponential notation, a shorthand method of writing products of the
same factor. When variables are used, the constants and variables are treated the same way.

(-3)°
Q-7

(=3 (3 (-3)-(-3)- (-3) =
= @7D-@D @

XX XXX

2)®

(yz) - (y2) - (y2)

In each case, the exponent tells us how many factors of the base to use, whether the base consists of constants or variables.
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Any variable in an algebraic expression may take on or be assigned different values. When that happens, the value of the
algebraic expression changes. To evaluate an algebraic expression means to determine the value of the expression for a
given value of each variable in the expression. Replace each variable in the expression with the given value, then simplify
the resulting expression using the order of operations. If the algebraic expression contains more than one variable, replace
each variable with its assigned value and simplify the expression as before.

Example 1.8

Describing Algebraic Expressions

List the constants and variables for each algebraic expression.

a. x+5

b. %7[;”3

C 2m3n?

Solution
Constants Variables

a.x+5h 5 X
b. %m’3 %, V3 r
c. \2m3n? 2 m, n

/27 1.8 List the constants and variables for each algebraic expression.
t

a. 2zr(r+h)
b. 2(L+W)
C. 4y3 +y

Example 1.9

Evaluating an Algebraic Expression at Different Values

Evaluate the expression 2x — 7 for each value for x.

a x=0
b. x=1
C. xz%
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d x=-4

Solution
a. Substitute 0 for x.
2x—T7 = 2(00)-7
0-7

Il
I
N

b. Substitute 1 for x.

2x=7 = 2(1)-7

= 2-7
= -5
c. Substitute % for x.
_7 = »ofL)_
w—7 = 2(2) 7
= 1-7
= -6

d. Substitute —4 for x.

=7 = 2A—-4)-7
-8-7

/27 1.9 Evaluate the expression 11 — 3y for each value for y.
It

a. y=2
b. y=0
¢ y=2
d y=-5

Example 1.10

Evaluating Algebraic Expressions

Evaluate each expression for the given values.

a. x+5 forx=-5

t —
b. 771 for t =10

c. %m’3 forr=>5

d a+ab+bfora=11,b=-8

e. \2m3n? form=2,n=3
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Solution

a. Substitute —5 for x.

x+5 = (=5)+5

b. Substitute 10 for .

P _ (0
20— 1 2(10) — 1

10
20-1

10
19
c. Substitute 5 for r.
%77.7‘3 = %ﬂ(5)3

= %H(IZS)

= 300

d. Substitute 11 for a and -8 for b.

a+ab+b AD) 4+ (11)(=8) + (-8)
11 -88-38

-85

e. Substitute 2 for m and 3 for n.

V2m3n? = 1202)33)2
V2(8)(9)
V144

12

1.10 Evaluate each expression for the given values.
t

y+3

a. y_3

fory=>5

b. 7-2tfort=-2

C. %ﬂrz for r =11

d. (pzq)3 for p=-2,9g=3

1

e. 4m—n)—50n—m) form=%,n=§

Formulas

An equation is a mathematical statement indicating that two expressions are equal. The expressions can be numerical or
algebraic. The equation is not inherently true or false, but only a proposition. The values that make the equation true, the
solutions, are found using the properties of real numbers and other results. For example, the equation 2x + 1 = 7 has the

unique solution x = 3 because when we substitute 3 for x in the equation, we obtain the true statement 2(3) + 1 = 7.

This content is available for free at https://cnx.org/content/col11758/1.5
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A formula is an equation expressing a relationship between constant and variable quantities. Very often, the equation is a
means of finding the value of one quantity (often a single variable) in terms of another or other quantities. One of the most

common examples is the formula for finding the area A of a circle in terms of the radius r of the circle: A = zr?. For any

value of r, the area A can be found by evaluating the expression xr.

Example 1.11

Using a Formula

A right circular cylinder with radius » and height & has the surface area S (in square units) given by the formula
S = 2ar(r + h). See Figure 1.4. Find the surface area of a cylinder with radius 6 in. and height 9 in. Leave the

answer in terms of 7.

Figure 1.4 Right circular cylinder

Solution

Evaluate the expression 2zr(r + h) for r =6 and A = 9.

S

2xr(r + h)
27(6)[(6) + (9]
22(6)(15)

1807

The surface area is 180z square inches.
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/27 1.11 A photograph with length L and width W is placed in a matte of width 8 centimeters (cm). The area of the
matte (in square centimeters, or cm2) is found to be A = (L + 16)(W + 16) — L - W. See Figure 1.5. Find the

area of a matte for a photograph with length 32 cm and width 24 cm.

Figure 1.5

Simplifying Algebraic Expressions
Sometimes we can simplify an algebraic expression to make it easier to evaluate or to use in some other way. To do so, we
use the properties of real numbers. We can use the same properties in formulas because they contain algebraic expressions.

Example 1.12

Simplifying Algebraic Expressions

Simplify each algebraic expression.

a. 3x—2y+x-3y-7
b. 2r=53-r)+4

c. (4t - %s) - (%t + 2s)

d. 2mn-5m+3mn+n

Solution
a.
3x—-2y+x—-3y—7 = 3x+x-2y-3y-7 Commutative property of addition
= 4x—-5y—-7 Simplify
b.
2r-5@3-r+4 = 2r—154+5r+4 Distributive property
= 2r+5y—15+4 Commutative property of addition
= Tr—11 Simplify

This content is available for free at https://cnx.org/content/col11758/1.5
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C.
—4fr—25)— (2 = 4r—dg_24_
4¢ 4(t 4s) (31‘ + 23) 4t ol 3t 2s Distributive property
= 4t - %t - %s —2s Commutative property of addition
- 10,_13 ol
=3 1= Simplify
d.
mn—5m+3mn+n = 2mn+3mn—5Sm+n Commutative property of addition
= Smn—-5m+n Simplify

il'ry 1.12 Simplify each algebraic expression.
17

a. %y - 2(%y + Z)

c. 4plg—1)+4(1-p)
d. 9r—(s+2r)+(6-y)

Example 1.13

Simplifying a Formula

A rectangle with length L and width W has a perimeter P given by P =L+ W + L+ W. Simplify this

expression.
Solution
P = L+W+L+W
P =L+L+W+W Commutative property of addition
P = 2L4+2W Simplify
P = 2(L+W) Distributive property

/27 1.13 If the amount P is deposited into an account paying simple interest r for time ¢, the total value of the
i deposit A is given by A = P + Prt. Simplify the expression. (This formula will be explored in more detail later

in the course.)

’ Access these online resources for additional instruction and practice with real numbers.
¢ Simplify an Expression (http:/lopenstaxcollege.org/l/simexpress)
¢ Evaluate an Expressionl (http://openstaxcollege.org/l/ordofoperl)

¢ Evaluate an Expression2 (http:/lopenstaxcollege.org/l/ordofoper2)


http://openstaxcollege.org/l/simexpress
http://openstaxcollege.org/l/ordofoper1
http://openstaxcollege.org/l/ordofoper2
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1.1 EXERCISES

Verbal

1. Is V2 an example of a rational terminating, rational

repeating, or irrational number? Tell why it fits that
category.

2. What is the order of operations? What acronym is used
to describe the order of operations, and what does it stand
for?

3. What do the Associative Properties allow us to do when
following the order of operations? Explain your answer.

Numeric

For the following exercises, simplify the given expression.

4. 10+2x(5-3)
5. 6+2—(81+32)
6. 18+(6-28)°

—2xp6+@—4ﬂf
8. 4-6+2x7

9. 3(5-8)

10. 4+6-10+2
1. 12+(36+9)+6
12. (44523

13. 3-12x2+19
14. 24+8x7+4
15. 5+ (6+4)—11
16. 918+ 32

17. 14x3+7-6
18. 9—-(3+11)x2
19. 6+2x2—1

20. 64 +-(8+4x%x2)

21. 9.+ 4(2%)

This content is available for free at https://cnx.org/content/col11758/1.5

22. (12 +3%3)?

23. 25+52-7

24. (15-7)x(3-17)
25. 2x4-9(-1)

26 42-25x1

27. 123-1)+6
Algebraic

Chapter 1 Prerequisites

For the following exercises, solve for the variable.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

8(x+3) =64
4y +8 =2y
(1la+3)—18a =—-4

4z —2z(1+4) =36

4y(7 = 2)% = =200

—@2x)*+1=-3

8Q2+4)—15b=b

2(11c —4) =36
43-1x=4
1 2)
GBw—-4%)=0

For the following exercises, simplify the expression.

38.

39.

40.

41.

42.

43.

44,

4x+x(13=17)
2y - @)?y-11
%(64) —12a+6
8b — 4b(3) + 1
5[+3Ix(9-6)

77-3427%x62
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4x3+18x+9-12

45. 9y +8)—27
6 (2-4p

47. 6+ 12b -3 % 6D

48. 18y —2(1+7y)

@) xom

50. 8(3 —m) + 1(—8)
51. 9x + 4x(2 + 3) — 4(2x + 3x)
52. 52 _4(3x)

Real-World Applications

For the following exercises, consider this scenario: Fred
earns $40 mowing lawns. He spends $10 on mp3s, puts half
of what is left in a savings account, and gets another $5 for
washing his neighbor’s car.

53. Write the expression that represents the number of
dollars Fred keeps (and does not put in his savings
account). Remember the order of operations.

54. How much money does Fred keep?
For the following exercises, solve the given problem.

55. According to the U.S. Mint, the diameter of a quarter is
0.955 inches. The circumference of the quarter would be
the diameter multiplied by z. Is the circumference of a
quarter a whole number, a rational number, or an irrational
number?

56. Jessica and her roommate, Adriana, have decided to
share a change jar for joint expenses. Jessica put her loose
change in the jar first, and then Adriana put her change in
the jar. We know that it does not matter in which order the
change was added to the jar. What property of addition
describes this fact?

For the following exercises, consider this scenario: There
is a mound of g pounds of gravel in a quarry. Throughout

the day, 400 pounds of gravel is added to the mound. Two
orders of 600 pounds are sold and the gravel is removed
from the mound. At the end of the day, the mound has 1,200
pounds of gravel.

57. Write the equation that describes the situation.

58. Solve for g.

31

For the following exercise, solve the given problem.

59. Ramon runs the marketing department at his company.
His department gets a budget every year, and every year, he
must spend the entire budget without going over. If he
spends less than the budget, then his department gets a
smaller budget the following year. At the beginning of this
year, Ramon got $2.5 million for the annual marketing
budget. He must spend the budget such that
2,500,000 — x = 0. What property of addition tells us

what the value of x must be?

Technology

For the following exercises, use a graphing calculator to
solve for x. Round the answers to the nearest hundredth.

60- 05(12.3)° —48x = 2

61. (0.25-10.75)2x-72=99

Extensions

62. If a whole number is not a natural number, what must
the number be?

63. Determine whether the statement is true or false: The
multiplicative inverse of a rational number is also rational.

64. Determine whether the statement is true or false: The
product of a rational and irrational number is always
irrational.

65. Determine whether the simplified expression is

rational or irrational: {/—18 — 4(5)(—1).

66. Determine whether the simplified expression is

rational or irrational: {—16 + 4(5) + 5.

67. The division of two whole numbers will always result
in what type of number?

68. What property of real numbers would simplify the
following expression: 4 + 7(x — 1)?
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1.2 | Exponents and Scientific Notation

Learning Objectives

In this section students will:

1.2.1 Use the product rule of exponents.

1.2.2 Use the quotient rule of exponents.

1.2.3 Use the power rule of exponents.

1.2.4 Use the zero exponent rule of exponents.
1.2.5 Use the negative rule of exponents.

1.2.6 Find the power of a product and a quotient.
1.2.7 Simplify exponential expressions.

1.2.8 Use scientific notation.

Mathematicians, scientists, and economists commonly encounter very large and very small numbers. But it may not be
obvious how common such figures are in everyday life. For instance, a pixel is the smallest unit of light that can be
perceived and recorded by a digital camera. A particular camera might record an image that is 2,048 pixels by 1,536 pixels,
which is a very high resolution picture. It can also perceive a color depth (gradations in colors) of up to 48 bits per frame,
and can shoot the equivalent of 24 frames per second. The maximum possible number of bits of information used to film a
one-hour (3,600-second) digital film is then an extremely large number.

Using a calculator, we enter 2,048 X 1,536 X 48 X 24 X 3,600 and press ENTER. The calculator displays
1.304596316E13. What does this mean? The “E13” portion of the result represents the exponent 13 of ten, so there are a
maximum of approximately 1.3 X 10 13 bits of data in that one-hour film. In this section, we review rules of exponents first
and then apply them to calculations involving very large or small numbers.

Using the Product Rule of Exponents

Consider the product x3 - x*. Both terms have the same base, x, but they are raised to different exponents. Expand each
expression, and then rewrite the resulting expression.
3 4 3 factors 4 factors
x7 - x XXX X-X*X*X

7 factors
= X "X "X X-X-X'X

=x7

The result is that x> - x* = x3 +4_ X’

Notice that the exponent of the product is the sum of the exponents of the terms. In other words, when multiplying
exponential expressions with the same base, we write the result with the common base and add the exponents. This is the
product rule of exponents.

Now consider an example with real numbers.

We can always check that this is true by simplifying each exponential expression. We find that 23 is 8, 2% is 16, and 27
is 128. The product 8 - 16 equals 128, so the relationship is true. We can use the product rule of exponents to simplify
expressions that are a product of two numbers or expressions with the same base but different exponents.

The Product Rule of Exponents

For any real number a and natural numbers m and n, the product rule of exponents states that

This content is available for free at https://cnx.org/content/col11758/1.5
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am . an — am+n (1_1)

Example 1.14

Using the Product Rule

Write each of the following products with a single base. Do not simplify further.

5.3

a. 1 -t

b. (=3)°-(=3)

Solution
Use the product rule to simplify each expression.

5.3_,5+3_ 8

a. 17 -t =t t

b. (=3)7-(=3)=(=3)° - (-3)! = (=3)° T 1 = (-3)°

C. XZ'XS'X3

At first, it may appear that we cannot simplify a product of three factors. However, using the associative property

of multiplication, begin by simplifying the first two.
xz.xs.x3=(x2_xS).x3=(x2+5)_x3=x7.x3=x7+3=x10

Notice we get the same result by adding the three exponents in one step.

2.5 3o 24543 10

1.14 Write each of the following products with a single base. Do not simplify further.
17

a. k0-k°
2 (2

b (3) (%)

e 2454

Using the Quotient Rule of Exponents

The quotient rule of exponents allows us to simplify an expression that divides two numbers with the same base but different
m

exponents. In a similar way to the product rule, we can simplify an expression such as y—n, where m > n. Consider the
y

9
Y

example = Perform the division by canceling common factors.
y
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¥ o Yyeyeyeyeyey-yey
3 Y Y Yy Yy
_ XYYy Yy yyy
VAU AP A AV 4
_Yyyey
1

In other words, when dividing exponential expressions with the same base, we write the result with the common base and
subtract the exponents.

For the time being, we must be aware of the condition m > n. Otherwise, the difference m — n could be zero or negative.

Those possibilities will be explored shortly. Also, instead of qualifying variables as nonzero each time, we will simplify
matters and assume from here on that all variables represent nonzero real numbers.

The Quotient Rule of Exponents

For any real number a and natural numbers m and 7, such that m > n, the quotient rule of exponents states that

a®™ _ m-n (1.2)

Example 1.15

Using the Quotient Rule

Write each of the following products with a single base. Do not simplify further.

(-2)°

23

t

b. tTS
GRS
o2

Solution

Use the quotient rule to simplify each expression.

((—_22))194 = ()92 (28
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B -t =y

il’ry 1.15 Write each of the following products with a single base. Do not simplify further.
t

75

a. iﬁ
(=3)°

b. =
25
.
(ef?)

Using the Power Rule of Exponents

Suppose an exponential expression is raised to some power. Can we simplify the result? Yes. To do this, we use the power
rule of exponents. Consider the expression (x2)3. The expression inside the parentheses is multiplied twice because it has
an exponent of 2. Then the result is multiplied three times because the entire expression has an exponent of 3.

(+)

o) W)

3 factors

2 factors 2 factors 2 factors
—_—— —_—— —_——
XX . XX . XX

= X" XX XXX

=x6

3

The exponent of the answer is the product of the exponents: (xz) =x23

= x° In other words, when raising an
exponential expression to a power, we write the result with the common base and the product of the exponents.

( am)n — am -n
Be careful to distinguish between uses of the product rule and the power rule. When using the product rule, different terms

with the same bases are raised to exponents. In this case, you add the exponents. When using the power rule, a term in
exponential notation is raised to a power. In this case, you multiply the exponents.

Product Rule Power Rule
53 .54 _ 53+4 Y but (53)* _ 53-4 = 5l2
B2 = St = 7 but (x5)2 _ 502 = 0
G’ G = G’ = @ b GH = G = @

The Power Rule of Exponents

For any real number a and positive integers m and n, the power rule of exponents states that

(@™ =a™ " (1.3)
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Example 1.16

Using the Power Rule

Write each of the following products with a single base. Do not simplify further.

a ()
b. ((2;)5)3
c. ((—3)5)11

Solution
Use the power rule to simplify each expression.

N (x2)7 _ 2T

b. ((2:)5)3 =2’ 3=

1/27 1.16 Write each of the following products with a single base. Do not simplify further.
It

a (6%
b ()
c. ((—g)“)4

Using the Zero Exponent Rule of Exponents

Return to the quotient rule. We made the condition that m > n so that the difference m —n would never be zero or
negative. What would happen if m = n? In this case, we would use the zero exponent rule of exponents to simplify the
expression to 1. To see how this is done, let us begin with an example.

If we equate the two answers, the result is 19 = 1. This is true for any nonzero real number, or any variable representing a
real number.

a’=1
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The sole exception is the expression 0°. This appears later in more advanced courses, but for now, we will consider the
value to be undefined.

The Zero Exponent Rule of Exponents

For any nonzero real number a, the zero exponent rule of exponents states that

a®=1 (1.4)

Example 1.17

Using the Zero Exponent Rule

Simplify each expression using the zero exponent rule of exponents.

3
c
d. c3
2.5
b jg‘
C. (jZk)4 3
(76) - (%K)
2
4 5(rs2)2
(rs?)
Solution

Use the zero exponent and other rules to simplify each expression.

d.
S _ 3-3
=
C
= 33
= 3-3
b.
—3x° - 3 x
XS XS
= _3..5-5
= —3.4°
= 3.1
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c.
.2 4 2 4
(J k) = (J k) Use the product rule in the denominator.
(P07 70
4
-2
_ U 2";4 Simplify.
Jjk
= ( j? k)4 ! Use the quotient rule.
= jzk)o Simplify.
=1
d.
2
5(”2)2 = S(rsz)2 -2 Use the quotient rule.
(rs7)
= 5(rs2)0 Simplify.
= 5-1 Use the zero exponent rule.
=5 Simplify.

/27 1.17 Simplify each expression using the zero exponent rule of exponents.
It
7
t
a. =
t7
11
(e?)
b. Ii
2de?)
o W4 . W2
W6
d t3 X t4
2P

Using the Negative Rule of Exponents
Another useful result occurs if we relax the condition that m > n in the quotient rule even further. For example, can we

3
simplify h—s? When m < n—that is, where the difference m — n is negative—we can use the negative rule of exponents
h
to simplify the expression 